ABSTRACT In this paper, a class of singular phenomenon is first found for the existing closed-form solutions of the hand-eye calibration problem with the form A i X = XB i when the angles corresponding to rotational parts of A i and B i are near or equal to π radian. A universal observability index is put forward to detect when this singularity would undoubtedly occur. For avoiding this singularity, a novel analytical solution based on a new cost function is proposed to estimate the hand-eye matrix in the presence of measurement errors. Simulation and experimental results can illustrate the feasibility and benefits of the proposed observability index and the singular-free closed-form solution. In addition, the other kind of singular phenomenon is also discovered for the existing closed-form solution, where the orientation of the unknown hand-eye matrix is parameterized by modified Rodrigues parameters. Therefore, in order to obtain the non-singular analytical solution based on modified Rodrigues parameters, a novel additional rotation theory is introduced and verified by the hand-eye calibration of a novel surgical robot.
I. INTRODUCTION
Robot-assisted minimally invasive surgery has been greatly developed due to its precise position and dexterity enhancement as well as hand tremor reduction [1] . Considering that an endoscopic camera is usually mounted at the gripper of a surgical robot to provide an accurate view of the surgery, the pose (i.e., position and orientation) of the endoscopic camera frame with respect to the gripper frame should be known [2] - [4] . The problem to determine this relationship is usually referred to as the hand-eye calibration [5] - [8] . As a critical criterion for the hand-eye calibration of the surgical robot, calibration safety depends heavily on the robustness of the available calibration approaches. Although there are several existing approaches for solving the hand-eye calibration problem, none of them can be always considered as singular-free with respect to the noisy measurement data. Hence, a singular-free solution with high accuracy is still a requirement that needs further attention for the hand-eye calibration problem of surgical robots.
Recently, the approaches to deal with the hand-eye calibration can be divided into closed-form and iterative solutions [9] , [10] . In comparison with the closed-form solutions, accuracy and complexity associated with the iterative solutions mainly depend on the starting criteria [11] . As a result, the closed-form solutions would be considered solely in this paper, which usually deal with a homogeneous transformation equation of the form A i X = XB i . Depending on parameterizations to represent the rotational parts (termed by R Ai and R Bi ) of A i and B i , all the closedform solutions consist of mainly seven distinct kinds of solutions, i.e., the algorithm based on direction cosine matrix (DCM) [12] , the algorithm based on Euler axis/angle parameters (EAA) [13] , the algorithm based on modified Rodrigues parameters (MRP) [14] , the algorithm based on quaternions algebra (QA) [7] , [15] - [18] , the algorithm based on Euclidean Group (EG) [19] , the algorithm based on dual quaternions (DQ) [20] (similar to screw parameters [21] ), and the algorithm based on orthogonal dual tensor (ODT) [11] . In general, there is no guarantee that the estimated orientation of the analytical solution based on DCM is a proper orthogonal matrix [12] . For this reason, more attention has been paid to the other closed-form solutions where both R Ai and R Bi are parameterized by the remaining six kinds of parameters.
Considering that all the six kinds of parameters of a rotation matrix are composed of the rotational axis and angle belonging to the same rotation matrix either explicitly or implicitly, the rotational axes and angles corresponding to R Ai and R Bi have to be extracted for all existing closed-form solutions except those based on DCM. In order to extract the rotational angle and axis uniquely, the extracted angles of R Ai and R Bi are simultaneously restricted to be values between 0 and π radian (or both be values between π and 2π radian) since the angle of R Ai is theoretically equal to that of R Bi [13] , [14] . In this case, a class of singular phenomenon (termed by the 1 st kind of singularity) has been firstly encountered when the angles of R Ai and R Bi are near or equal to π radian (rad) in this paper. Additionally, it is worthwhile to notice that all of the minimum-element orientation parameterizations (e.g., Gibbs vector or MRP) also suffer from becoming singular for some values of the principle angle of X [22] . In other words, the estimated orientation of the existing closed-form solution [14] based on MRP cannot be a proper orthogonal matrix if the rotational angle of hand-eye matrix is equal to π rad. However, this singularity (termed by the 2 nd kind of singularity) for the outstanding work [14] based on MRP has never been discussed in the field of hand-eye calibration. In this paper, the 2 nd kind of singular phenomenon is also pointed out.
In order to avoid the 1 st kind of singularity, a universal observability index based on Rayleigh quotient [23] is put forward to detect when this singularity would undoubtedly occur. Then, a non-singular closed-form solution based on a new cost function is put forward to estimate the unknown hand-eye matrix. The conditions for a unique solution of the new analytical solution are also discussed. In comparison with all the existing closed-form solutions, the new analytical procedure can be more robust with respect to the 1 st singularity. Experimental and simulation results have illustrated the feasibility and benefits of the universal observability index and the proposed analytical solution for the hand-eye calibration problem. In addition, for obtaining the singularfree analytical solution based on MRP, a novel additional rotation theory (ART) is proposed, which has been verified by simulation results.
The remainder of this article is organized as follows, Section II puts forward a universal observability index and a singular-free analytical solution to detect and avoid the 1 st singularity encountered by the existing closed-form solutions. Section III proposes a novel additional rotation theory to deal with the 2 nd kind of singularity associated with the existing MRP-based solution. Section IV illustrates the simulation results corresponding to these two singular phenomena. Section V presents the experimental results to validate the proposed approaches. Finally, Section VI summarizes the main results and contributions of the paper.
II. THE 1 st KIND OF SINGULARITY A. EXISTENCE OF THE 1 st SINGULARITY
For the so-called hand-eye calibration problem, several kinds of closed-form solutions have been proposed to deal with a homogeneous transformation equation of the form
where, A i is the relative transformation matrix between two poses of the sensor frame, B i represents the relative transformation between two different poses of the hand frame. And, X denotes the unknown transformation matrix of the sensor frame with respect to the hand frame. Let R Ai , R Bi , and R X be rotational matrices of A i , B i , and X respectively, (1) can be easily decomposed into a rotation equation and a position equation
where, t Ai , t Bi , and t X denote the position vectors of A i , B i , and X respectively.
Additionally, it should be pointed out that those six kinds of parameterizations (i.e., EAA, MRP, QA, EG, DQ, and ODT) corresponding to a rotation matrix are wholly composed of the rotational angle and axis of the same rotation matrix. In other words, a common procedure for the existing analytical solutions based on those six kinds of parameterizations is that the rotational axes and angles of R Ai and R Bi have to be extracted respectively. Considering that the angle of R Ai is theoretically equal to that of R Bi [13] , [14] , a particular convention (termed by Convention 1) should be followed in order to extract the rotational angle and axis univocally, which can be defined as, [13] , the extracted angles that are simultaneously between 0 and π rad would be considered in the paper.
However, in accordance with this Convention, the 1 st kind of singular phenomenon may be encountered for the existing analytical solutions based on those six kinds of parameterizations when the angles of R Ai and R Bi are near or equal to π rad. For illustrating this singularity, an interesting example is elaborated as follows, Firstly, the nominal hand-eye matrix (denoted by n X) is given as
where, Rot( n k, n θ X ) is a rotation matrix through angle n θ X about axis represented by a unit vector n k, n t denotes the translational vector, and
As shown in Appendix, ignoring measurement errors and noise, three relative motions (i.e., ( n A i , n B i ), i = 1, 2, and 3) with non-parallel axes are provided to univocally solve the hand-eye calibration problem. In addition, through injecting normal distribution noise into the rotational parts of those three sets of noise-free measurement data, the corresponding data (i.e., ( a A i , a B i ), i = 1, 2, and 3) with noise are also listed in Appendix. According to Convention 1, the rotational angles and axes of those measurement data can be readily obtained as shown in Tables 1-3 . Then, substituting the extracted angles and axes into the closed-form solutions based on the six kinds of distinct parameterizations, the unknown hand-eye matrices can be determined respectively. With no loss of generality, the closed-form solution based on QA [7] would be firstly considered, of which the objective function for the i th measurement can be expressed as
where, stands for the Euclidean norm, * denotes quaternion multiplication,Q X represents the conjugate quaternion of Q X .
Let a Q Ai , a Q Bi , n Q X , n Q Ai , and n Q Bi be the corresponding quaternions parameters of a A i , a B i , n X, n A i , and n B i respectively. According to the extracted angles and axes listed in Tables 1-3 and (5), the corresponding quaternions parameters can be readily obtained. Substituting a Q Ai , a Q Bi , and n Q X into (6), the value of the cost function for the i th noise-corrupted measurement data set can be obtained as shown in Table 4 . Similarly, the value of error function for the i th noise-free data set can also be determined as shown in Table 4 . In general, value of the error function for the i th relative motion should be a small value (for example, a value approximately near 0) rather than a big value, whereas, Table 4 indicates that the objective function for the 3 rd set of noisy measurement data (i.e., a A 3 , a B 3 ) would hardly be a small value. In other words, ( a A 3 , a B 3 ) should be considered as the singular data although the angles and axes corresponding to ( a A 3 , a B 3 ) have been extracted correctly according to the Convention 1. Then, it is necessary to check whether this singular measurement data set would have an effect on the accuracy of the orientation estimated by the QA-based closed-form solution. Depending on data sets applied for hand-eye calibration, two different tests are conducted respectively 1) All of three sets of measurement data with noise listed in Tables 1-3 Table 5 respectively. Similarly, applying the two kinds of tests for the other analytical solutions (i.e., EAAbased algorithm [13] , MRP-based algorithm [14] , EG-based algorithm [19] , DQ-based algorithm [20] , and ODT-based algorithm [11] ), the rotational matrices (i.e., EAA R 1 , MRP R 1 , EG R 1 , DQ R 1 , and ODT R 1 ) estimated by the 1 st test and those ( EAA R 2 , MRP R 2 , DQ R 2 , and ODT R 2 ) determined by the 2 nd test can be expressed as shown in Table 5 respectively.
In order to evaluate the accuracy of the estimated rotational matrices, a novel angular distance [24] , [25] is chosen as VOLUME 6, 2018 
where, θ δ is the rotational angle associated with ( n R X · R T ),
F stands for the Frobenius norm of a matrix, logm represents the logarithm operation of a matrix, R denotes the estimated rotation matrix, n R X is the nominal orientation of n X.
According to (7) , the errors between the estimated rotation matrices and the nominal orientation can be obtained as shown in Table 5 . According to A 3 , a B 3 ) , the estimated solutions are singular for the existing closed-form solutions based on the 6 kinds of parameterizations, which is considered as the 1 st kind of singularity. Consequently, the 1 st kind of singularity may be encountered for all the existing closed-form solutions except the approach based on DCM when the angle corresponding to the rotational parts of the relative motions with non-parallel axes are near or equal to π rad.
B. A UNIVERSAL OBSERVABILITY INDEX
Clearly, we cannot exclude measurement data sets based on their proximity to π rad alone. In addition, it is hard to find the singular data only according to the loss function of the existing solutions since the ground truth of the hand-eye calibration matrix is not available for the real data. For this reason, our interest is concentrated on proposing a universal observability index to detect when the 1 st kind of singularity would undoubtedly occur.
Theoretically, (3) is identical to the following equation [7] 
where, k Ai and k Bi denote the rotational axes of A i and B i . Taking the measurement errors and noise into account, a more practical procedure to estimate R X is to find some type of ''best-fit'' solution from N sets of noisy measurement data
e., to find R X that minimizes an error criterion of the form
where, a k Ai and a k Bi denote the unit-length rotational axes of a A i and a B i respectively. N represents the number of the data sets applied for every calibration. Interestingly, it turns out that the error function defined by (9) is similar to the classical orthogonal Procrustes problem [26] . Considering that both a k Ai and a k Bi are unit-length vectors, (9) can be rewritten according to the property of trace, i.e.,
where, tr denotes the trace of a matrix, and
Obviously, according to (10) and (11), the loss function ϕ(R X ) would be at a minimum when the gain function g(R X ) is at a maximum. Namely,
Therefore, the further discussion will be directed at finding the rotation matrix (i.e., R X ), which maximizes g(R X ). In general, R X can be parameterized by QA parameter as follows
where, q 0 and q are the scalar and vector parts of quaternions Q X corresponding to R X .
[q] × denotes the skew-symmetric matrix of q. And, I N represents a N-by-N identity matrix.
Substituting (14) into (11) gives
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Applying Rayleigh quotient [23] for (18), the value of g (R X ) would reach the maximum value when Q X is the eigenvector corresponding to the maximum eigenvalue of the symmetric matrix L. Namely,
where, λ max represents the maximum eigenvalue of L.
In principle, the loss function ϕ(R X ) with noise-free measurement data set is equal to zero. Additionally, ignoring the singularity of R X , ϕ(R X ) in presence of noise should be approximately near zero,
Combining (13), (19) , and (20), the approximate value of λ max without the 1 st singularity can be obtained as λ max ≈ 1. Consequently, λ max can be considered as a universal observability index (UOI) to detect whether the 1 st singularity would be encountered in the presence of the measurement errors and noise, that is,
In fact, the 1 st kind of singularity would undoubtedly happen if λ max is less than 0.9. It should be pointed out that at least two relative motions with non-parallel axes should be used to uniquely determine the hand-eye matrix for every trial. For this reason, the proposed index can only be applicable for at least two relative motions with non-parallel axes. In other words, if only one relative motion is used for every calibration, the proposed index cannot be directly used to determining the singularity of the relative motion. Therefore, in order to evaluate the singularity of one relative motion (e.g., a A, a B), a novel searching algorithm is put forward, 1) Supposing that the 1 st kind of singularity would not happen for N (N ≥ 2) relative motions, two motions of N relative motions are randomly chosen. 2) Compute UOI determined by three relative motions consisting of two motions in the 1 st step and ( a A, a B). 3) If UOI < 0.9, the relative motion ( a A, a B) is singular.
Otherwise, ( a A, a B) can be considered as non-singular data.
C. A NOVEL SINGULAR-FREE ANALYTICAL SOLUTION
According to the proposed UOI and the searching algorithm, the singularity of every measurement data set can be readily evaluated. After the singular measurement data sets have been found, more attention has been paid to putting forward a singular-free analytical solution to deal with those singular data. Considering that the rotational angle of R Ai is theoretically equal to that of R Bi , (8) can be further rewritten as,
where, θ Ai and θ Bi represent the extracted rotational angles of A i and B i respectively. Taking the singular data into account, a new criterion is firstly introduced to find the unknown rotation matrix, which can be expressed as,
and a n Ai = (−1)
where, the value of p is equal to 1 if the i th measurement data set (i.e., a k Ai , a k Bi ) is singular, otherwise, the value of p should be identical with 2 when the i th measurement data set is singular-free.
For minimizing this loss function, applying the properties of norm, O(R X ) can be rewritten as (25) and, (27) In equations (25)- (27) , subscipt ''const'' represents the abbreviation of ''constant'' since O const of (26) can be considered as a constant for the given measurement data. Additionally, subscript ''var'' denotes the abbreviation of ''variable'' since O var in (27) is determined by the variable R X . In light of the properties of trace, (27) can be further rewritten as
where,
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According to (11) and (14)- (18), (28) can be further simplified as
Clearly, in accordance with (25) , (28), and (30), O(R X ) would reach the minimum when O var is at the maximum. Applying Rayleigh quotient for (29) , the appropriate quaternion (Q opt ) is the unit-length eigenvector associated with the greatest eigenvalue (ρ max ) of K when O var has reached the maximum, namely,
Instead of directly utilizing the eigendecomposition, a significantly simple procedure is proposed to derive Q opt , which is also useful to determine the sufficient and necessary conditions for the unique solution. Firstly, the value of ρ max can be analytically determined since the characteristic equation of K is a quartic equation [27] . Additionally, utilizing the property of homogeneous linear equations, a unique and nontrivial solution can be available for (33) if and only if the rank of (K −ρ max ·I 4 ) is equal to 3. In this case, four possible solutions of (33) can be determined by using the algebraic cofactor of the matrix, which can be expressed by
where, C ij represents the algebraic cofactor associated with the element at the i th row and j th column of (K − ρ max ·I 4 ). Considering that the rank of (K − ρ max ·I 4 ) is equal to 3, the four possible solutions are all parallel and different from each other only in modulus. Hence, in order to maximize the reliability of the estimated orientation, the one with the greatest modulus can be chosen as the appropriate solution. After the orientation has been determined, the translational part can be acquired analytically based on the least squares theory [7] according to (3).
D. UNIQUENESS OF THE PROPOSED CLOSED-FORM SOLUTION
Obviously, the proposed closed-form solution can be uniquely determined if and only if the algebraic multiplicity of the greatest eigenvalue associated with K is equal to 1. Therefore, the following discussions are concentrated on finding the conditions when the algebraic multiplicity of ρ max would be identical to 1.
Based on (29), (31), and (32), the characteristic equation of K is a strictly reduced quartic equation [27] , that is,
where, ρ is the eigenvalue of K, det denotes the determinant of a matrix, and
In addition, the characteristic equation of (H T ·H), (i.e., det(H T ·H − x·I 3 )) can also be determined as
Interestingly, it is obvious that the resolvement cubic equation of (K − ρ·I 4 ) is identical with the characteristic equation of H T ·H according to (37)-(38). In other words, the roots of the resolvement cubic equation are equal to the eigenvalues of H T ·H respectively. As a result, according to the Euler's solution [27] for the general quartic equation, each of the four roots ρ i can be represented as the function of the singular values of H. Namely, the roots ρ i can be determined as
where, σ i denotes the singular value of H.
In addition, H can be theoretically rewritten as
According to (40), the rank of H is equal to that of B since R x is a rotation matrix. Then, according to (39)-(40), the algebraic multiplicity of the greatest value of ρ i can be equal to 1 if and only if the rank of B is more than or equal to 2. On the contrary, if the rank of B is less than 2, the greatest value of ρ i cannot be univocally acquired. Namely, the necessary and sufficient condition for a unique hand-eye matrix obtained by the proposed approach is that the measurement data sets should consist of at least two relative motions with non-parallel rotational axes.
Clearly, Section II.A demonstrated the existence of the 1 st kind of singularity phenomenon through an interesting numerical example. In Section II.B, a universal observability index based on Rayleigh quotient [23] is put forward to detect when this singularity would undoubtedly occur. Additionally, a non-singular closed-form solution based on a new cost function is proposed to estimate the unknown hand-eye matrix in Section II.C. The conditions for a unique solution of the new analytical solution are also discussed in Section II.D.
III. THE 2 nd KIND OF SINGULARITY A. EXISTENCE OF THE 2 nd SINGULARITY
It is worthwhile to notice that the minimum-element orientation parameterizations (e.g., MRP) would be singular for some values of the rotational angle. In fact, the estimated orientation of the existing closed-form solution [14] based on MRP cannot be a proper orthogonal matrix if the rotational angle of hand-eye matrix is equal to π rad. This singular phenomenon is denoted by the 2 nd kind of singularity in this paper. The corresponding proofs for illustrating this singularity would be given as follows
In light of [14] , the MRP parameter corresponding to the rotational part of the unknown hand-eye matrix can be expressed by
where, the subscripts ''e'' and ''h'' denote the abbreviations of ''eye'' and ''hand'' respectively. θ X and k x k y k z T represent the rotational angle and axis of the unknown hand-eye matrix respectively. In order to solve k eh analytically, k eh has to be determined firstly, which can be elaborated as
Substituting (42) into (41) gives,
Obviously, the value of k eh would be infinite if θ X is equal to π rad.
Additionally,
Based on (43)-(44), for θ X = π , the estimated k eh based on MRP cannot be solved precisely since the value of k eh would be infinite. In other words, the orientation estimated by [14] would be singular when the angle of unknown handeye matrix is equal to π rad.
B. SINGULAR-FREE SOLUTION BASED ON ART
For avoiding the 2 nd kind of singularity, a novel additional rotation theory (ART) is firstly introduced, which is slightly different from the Sequence Rotation proposed by Shuster and Oh [22] . The idea of ART can be elaborated as follows.
If θ X = π , performing an artificial rotation (termed by R user ) defined by the user on the observed vectors a k Bi , the angle of the new unknown rotation matrix (termed by R new X ) determined by the artificial data set (( a k Ai , R user · a k Bi ), i = 1, 2, · · · , N ) would be possibly different from that of R X . In other words, once R user has been selected properly, the rotational angle of R new X would not be identical to π rad. In this case, according to [14] , R new X can be estimated by the artificial data sets (( a k Ai , R user · a k Bi ), i = 1, 2, · · · , N ). Then, the unknown hand-eye matrix can be readily determined as
Hence, attention should be paid on how to properly choose the rotation matrix R user . Firstly, three different kinds of artificial rotation j R user (j = 1, 2, and 3) are considered,
where, k x , k y , and k z denote the unit-length vectors parallel to three coordinate axes respectively, θ is an arbitrary value between 0 and π rad.
In accordance with (45), three proper orthogonal matrices j R new X can be obtained respectively as follows
According to (46) defined in (47), the rotational angle of at least one of those three rotation matrices should be values between 0 and 2π/3 rad according to Convention 1.
Proof: If R X denotes an arbitrary rotation matrix, the angle of rotation characterizing R X satisfies 1 + 2cos(θ ) = tr(R X ) = r 11 + r 22 + r 33 (49)
In accordance with (48)-(49), it is easy to obtain 
That is,
Clearly, it is sufficient to show that at least one of the three corresponding traces should be nonnegative. Without loss of generality, let tr should be value between 0 and 2π/3 rad. Therefore, in order to avoid the 2 nd kind of singularity, the efficient procedure based on ART can be concluded as, 1) Given N sets of measurement data (( a k Ai , a k Bi ), i = 1, 2, · · ·, N ), compute the angle of R X according to [14] . 2) If θ X = π , R X can be estimated by [14] . If θ X = π , for j = 1, construct artificial data ( j R user · a k Bi ) through performing rotation j R user defined in (46) on a k Bi . 3) In accordance with [14] , j R new X can be determined by the artificial data ( a k Ai , ( j R user · a k Bi )). 
IV. SIMULATION RESULTS

A. SIMULATION SETUP
As shown in Fig. 1 , a 9-DOF surgical robot on which an endoscopic camera is rigidly mounted has been applied to simulate the hand-eye calibration problem. Similar to the 8-DOF robot proposed by Wang et al. [28] , the 7 th joint of the robot is a planar 1-DOF Remote Center of Motion (RCM) mechanism, namely, a double-parallelogram mechanism. As a result, the constraint can ensure the movement of the end-link (endoscopic camera) in Fig. 1 (a) be pure rotation around a fixed point which is not physically belonging to the mechanism, i.e., the RCM point.
B. CRITERIA FOR RESIDUAL ERRORS AND NOISE
To measure the accuracy of the hand-eye calibration, the 1 st kind of criteria [29] associated with rotational and translational errors can be defined as
where, R X and t X stand for the rotational and translational parts of the estimated transformation matrix ( X) respectively. n R X and n t X denote the nominal rotational and translational parts of n X. And, logm represents the logarithm operation of a matrix. θ τ denotes the rotational angle corresponding to R T X · n R X . In addition, the other significant problem during simulation is to determine which kind of noise should be added into the nominal data determined by camera and hand motions. Similar to the approach adopted in the work [7] , normal distribution noise can be injected into the nominal rotational and translational parts associated with the measurement data sets. The true translation and rotation of the measurement data in the presence of noise can be defined as follows,
and
where, k x , k y , and k z are the unit-length vectors parallel to three coordinate axes respectively, the subscript U indicates A i or B i . n G1 and n G2 represent random 3-D vectors satisfying normal distribution. In addition, i n G2 stands for the i th element of n G2 .
C. SIMULATION PROCEDURE
For simplicity, the interesting example elaborated in Section II would be considered again to illustrate the nonsingularity of the proposed analytical solution. Considering that the existing solutions proposed by [7] , [11] , [13] , [14] , [19], and [20] are wholly singular for the interesting example, three sets of noisy data listed in Tables 1-3 would be used to solve the hand-eye matrix by the proposed algorithm. Let i T h b and i T e g be the transformation matrix from base frame (termed by ''b'') to hand frame (termed by ''h'') of the robot and the transformation matrix of endoscopic camera (denoted by ''e'') with respect to the grid frame (denoted by''g'') respectively for the i th measurement. To validate the feasibility of the proposed UOI, the 1 st procedure (termed by Pr1) has been carried out, which can be elaborated as follows.
1) The nominal hand-eye transformation ( n X) is firstly given, whose rotational angle/axis and position vector are elaborated in the 1 st column of Table 6 . ) −1 . 5) Obtain the actual data a A j and a B j through substituting normal distribution noise defined in Table 6 and the nominal data (i.e., n A j , n B j ) into (54). 6) Increase the value of j in the 2 nd step (i.e., j = j + 1) and then repeat steps 2-5 until j = 5. 7) Substituting { a A j and a B j , j = 1, 2, · · ·, 5} into the existing solutions proposed by [7] , [11] , [14] , [19] and [20] , one set of the common logarithm of the rotational errors defined by (53) and the value of UOI can be obtained respectively. Then, reset j = 1. 8) Repeating the steps 2-7 for 6000 iterations, 6000 sets of common logarithm of rotational errors and UOI can be obtained as shown in Fig. 2 and Fig. 3 respectively. In this simulation procedure, according to the ranges of every joint of the surgical robot, the random values of rotational or translational joints can be generated by the rand function in Matlab 2015b. Therefore, the random configurations can be generated based on the random values of every joint. Additionally, to illustrate the benefits of the proposed ART theory, the other procedure (termed by Pr2) has also been conducted for ART-based solution and the closed-form solution proposed by [14] , which can be elaborated as follows.
1) The nominal hand-eye transformation ( n X) is also given by the 2 nd column of Table 6 . 
) −1 . 5) Obtain the actual data a A j and a B j through substituting normal distribution noise defined in Table 6 and the nominal data (i.e., n A j , n B j ) into (54). 6) Update the value of j in the 2 nd step (i.e., j = j + 1) and then repeat steps 2-5 until j = N . 7) Substituting { a A j and a B j , j = 1, · · ·, 5} into [14] and the ART-based approach simultaneously, one set of the calibration errors (i.e., e r and e t ) defined by (53) and the other set of errors can be acquired for ART-based approach and [14] respectively. Then, reset j = 1. 8) Repeating steps 2-7 for 600 iterations, 600 sets of calibration errors associated with [14] and the other 600 sets of calibration errors corresponding to the ARTbased approach can be obtained respectively. 9) Increasing the value of N in the 2 nd step (i.e., N = N + 1) and repeating steps 2-8 until N = 16, 14*600 sets of errors associated with [14] and 14*600 sets of errors corresponding to the ART-based approach can be obtained as shown in Fig. 4 and Fig. 5 respectively.
D. RESULTS
Substituting those three sets of noisy data listed in Tables 1-3 (i.e., ( a A i , a B i ), i = 1, 2, and 3) into the proposed analytical solution, the unknown hand-eye matrix pro R can be estimated as According to Table 5 , it is worthwhile to notice that the values of the rotational errors determined by [7] , [11] , [14] , [19] , and [20] are wholly between 2 and 4.45 rad. On the contrary, based on the nominal hand-eye matrix in (4) and pro R of (56), the rotational error obtained by the proposed approach is quite little (3.1×10 −4 rad), which can validate the non-singularity of the proposed analytical solution for the 1 st kind of singularity.
As shown in Fig. 2 , the common logarithm of the rotational errors estimated by [7] , [11] , [14] , [19] , and [20] are wholly less than 0.025 rad for all the 6000 iterations except the 610 th and 807 th runs. On the contrary, the corresponding errors of the 610 th and 807 th iterations are between 0.245 and 4.365 rad, which can validate the existence of the 1 st kind of singularity for these five existing analytical solutions. In addition, according to Fig. 3 , all of the values of the proposed UOI are between 0.9 and 1.01 for the 6000 runs except the 610 th and 807 th runs. Obviously, as for the 610 th and 807 th iterations, the values of the UOI are less than 0.776. In other words, in comparison with the values of 6000 trials except the 610 th and 807 th iterations, the values of the UOI at 610 th and 807 th iterations are significantly different from 1. Therefore, according to Figs. 2-3 , the 1 st kind of singularity has been encountered for the 610 th and 807 th iterations only since the values of UOI are less than 0.9 for those two trials. Namely, the proposed UOI can be feasible to check the existence of the 1 st kind of singularity.
Theoretically, the translational and rotational errors determined by [14] should be significantly little since the measurement errors have been ignored in the whole procedure. However, Fig. 4 indicates that e r and e t associated with [14] are quite bigger than 0. In other words, the MRP-based approach is singular when the angle of the unknown hand-eye matrix is equal to π rad. Fortunately, as shown in Fig.5 , translational and rotational errors corresponding to ART-based solution are quite near 0, which can demonstrate the feasibility of the ART-based approach for the 2 nd kind of singularity.
V. EXPERIMENTAL RESULTS
A. EXPERIMENTAL SETUP
In this section, real-world experiments have been conducted under different configurations to validate the feasibility of the proposed approaches. As shown in Fig. 6 . The experimental setup consists of a 9-DOF surgical robot, a calibration grid (a chess board), a STORZ endoscopic camera mounted at the end-effector of the robot.
B. EXPERIMENTAL PROCEDURE
It is worthwhile to notice that the ground truths for n R X and n t X are not available. For evaluating the accuracy of handeye calibration, the 2 nd kind of criteria [30] corresponding to rotational and translational errors are given as 
Additionally, the 3 rd kind of criteria are also defined as
Based on the above error criteria, the 1 st kind of experiment has been carried out in order to verify the feasibility of the proposed algorithm, which can be elaborated as follows, ) −1 . 5) Increase the value of j of the 1 st step (i.e., j = j+1) and simultaneously repeat steps 1-4 until j = 6. Then, reset j = 1. 6) Repeating steps 1-5 for 16 runs, 96 sets of candidate measurement data can be obtained. 7) Choosing N = 5 sets of data randomly from the available 96 measurement data sets for the hand-eye calibration by [7] , [11] , [14] , [19] , [20] and the proposed approach. 8) Repeating the 7 th step for 160 iterations, common logarithm of rotational errors (i.e., E r defined in (57)) can be obtained as shown in Fig. 7 , common logarithm of translational errors (i.e., E t defined in (58)) and the values of UOI can simultaneously be obtained as shown in Fig. 8 . Additionally, the other kind of experiment has also been conducted for evaluating the accuracy of the proposed and then repeating steps 1-3 until j = 160, 160 sets of candidate measurement data can be obtained. 5) Choosing N = 6 sets of data randomly from the available 160 measurement data sets for the hand-eye calibration by [7] , [11] , [14] , [19] , [20] and the proposed approach, one set of rotational errors defined in (57) and the other set of translational errors defined in (58) can simultaneously be obtained. 6) Repeating the 5 th step for 1000 iterations, 1000 sets of rotational errors and the other 1000 sets of translational errors can simultaneously be determined. 7) The mean value (termed by ''average rotational error'') associated with the 1000 sets of rotational errors obtained in the 6 th step can be computed. 8) The mean value (termed by ''average translational error'') corresponding to the 1000 sets of rotational errors obtained in the 6 th step can also be determined. 9) Repeating steps 5-8 for 16 runs, the 16 sets of ''average rotational error'' and 16 sets of ''average translational error'' can be obtained as shown in Fig. 9 and Fig. 10 respectively.
C. RESULTS AND DISCUSSION
As shown in Fig. 7 , the hand-eye matrices solved by [11] , [14] , [19] , and [20] errors corresponding to [11] , [14] , [19] , and [20] at those five iterations are wholly between 0.156 rad and 3.11 rad.
On the other hand, for the 23 th and 28 th iterations, the handeye matrices associated with [7] , [11] , [14] , [19] and [20] are also singular since the rotational errors associated with [7] , [11] , [14] , [19] and [20] are more than 0.296 rad at those two iterations. Similarly, as shown in Fig. 8 , the solutions determined by [11] , [14] , [19] , and [20] can also be regarded as singular since translational errors associated with [11] , [14] , [19] , and [20] are wholly between 0.079 and 2.72 at those five iterations. In addition, the translational errors of [11] , [14] , [7] , [19] , and [20] are greater than 0.151 at both the 23 th and 28 th runs, which can also demonstrate the singularity of the hand-eye matrices estimated by [11] , [14] , [7] , [19] , and [20] at those two iterations. Therefore, it is sufficient to believe that the 1 st kind of singularity has undoubtedly occurred for the existing solutions at the Simultaneously, for the 2 nd iteration, substituting the N sets of measurement data used at the 2 nd iteration and the hand-eye matrix estimated by ODT-based approach at the same iteration into the errors defined by (59) and (60), N sets of rotational and translational errors corresponding to the ODT-based solution can be acquired as shown in Fig. 11 and Fig. 12 respectively. Similarly, for the j th (j = 21, 69, 111, and 129) iteration, the common logarithm of the rotational and translational errors associated with the other approaches can also be obtained as shown in Fig. 11 and Fig. 12 respectively after the measurement data at the j th iteration and the hand-eye matrix estimated by the other approaches are substituted into (59) and (60). It is worthwhile to notice that the 1 st kind of singularity has been found at the 2 nd , 21 st , 69 th , 111 th , and 129 th iterations. In other words, at least one relative motion included in the N sets of measurement data for the j th calibration should be singular. However, Fig. 11 and Fig. 12 indicate that all the estimated solutions except those based on [7] are singular for those 5 iterations. This phenomenon can illustrate that the solutions estimated by [7] may be singular-free for the singular measurement data. Namely, the robustness with respect to the same singular measurement data sets is slightly different for the existing analytical solutions. Interestingly, although the QA-based approach is non-singular for those 5 iterations, the translational and rotational errors of the QA-based algorithm are slightly higher than those associated with the proposed approach for those 5 iterations (i.e., the 2 nd , 21 st , 69 th , 111 th , and 129 th iterations).
Additionally, as shown in Fig. 9 , the average rotational errors corresponding to the proposed approach are slightly less than those associated with [7] , [11] , [14] , [19] and [20] for all the 16 iterations except the 2 nd one. For the 2 nd iteration, only the average rotational error determined by [20] is slightly little in comparison with that of the proposed solution. Interestingly, Fig. 10 indicates that the average translational errors of the existing solutions (i.e., [7] , [11] , [14] , and [19] ) are bigger than those of the proposed solution for all the 16 iterations. And, the average translational errors associated with [20] are slightly bigger than those of the proposed analytical solution for all of the 16 iterations except the 2 nd one. Consequently, the accuracy of the proposed approach is slightly better than that of the existing solutions.
VI. CONCLUSION
In this paper, a kind of singularity phenomenon has been firstly pointed out for the existing closed-form solutions of the hand-eye calibration problem with the form A i X = XB i when the rotational angles associated with A i and B i are near or equal to π rad. For avoiding this singularity, a universal observability index based on Rayleigh quotient is proposed to detect when this singularity would undoubtedly occur in the presence of measurement noise and errors. According to the universal observability index, a novel searching procedure is also proposed to check the singularity of every measurement data. Additionally, a singular-free analytical algorithm based on a new loss function is also put forward to estimate the unknown hand-eye matrix. In comparison with the existing closed-form solutions, the proposed algorithm can be more robust with respect to the data leading to the 1 st kind of singularity. Experimental and simulation results have illustrated the feasibility and benefits of the proposed universal observability index and the singular-free analytical procedure.
Additionally, the other kind of singularity has also been found for the existing MRP-based solution when the rotational angle corresponding to X is equal to π rad. For obtaining the non-singular analytical solution with MRP, a novel procedure based on additional rotation theory is proposed and validated by the simulation results.
APPENDIX
As shown in equations (61)-(66), three noise-free motions (i.e., ( n A i , n B i ), i = 1, 2, and 3) are provided. 
